In this paper we review some properties for the evolving wormhole solution of Einstein equations coupled with nonlinear electrodynamics. We integrate the geodesic equations in the effective geometry obeyed by photons; we check out the weak field limit and find the traversability conditions. Then we analyze the case when the lagrangian depends on two electromagnetic invariants and it turns out that there is not a more general solution within the assumed geometry.
where R is the Ricci scalar. L(F ) is the lagrangian, depending in nonlinear form on a single invariant F given by F = F µν F µν /4 [18] , where F µν is the electromagnetic tensor. Note that in Einstein-Maxwell theory the lagrangian takes the form L(F ) = −F/4π, however, we shall consider more general electromagnetic lagrangians.
Varying the action with respect to the gravitational field provides the Einstein field equations G µν = 8πT µν , with the stress-energy tensor given by
where L F = dL/dF . The variation with respect to the electromagnetic potential A µ , where F µν = A µ,ν − A ν,µ , yields the electromagnetic field equations (F µν L F ) ;µ = 0 .
The spacetime metric representing a dynamic spherically symmetric (3 + 1)-dimensional wormhole, which is conformally related to the static wormhole geometry [3] , takes the form
where Φ and b are functions of r, and Ω = Ω(t) is the conformal factor that is finite and positive definite throughout the domain of t. Φ is the redshift function, and b(r) is the shape function [3] . We shall also assume that these functions satisfy all the conditions required for a wormhole solution, namely, Φ(r) is finite everywhere in order to avoid the presence of event horizons; b(r)/r < 1, with b(r 0 ) = r 0 at the throat; as well as the fulfilment of the flaring out condition, b − b ′2 ≥ 0, with b ′ (r 0 ) < 1 at the throat. Now, taking into account the metric (4) the electromagnetic tensor compatible with the assumed symmetries is given by 
being the non-zero components the following: F tr = −F rt = E, the electric field; and F θφ = −F φθ = B, the magnetic field. The invariant F takes the form
B. Einstein field equations
We recall that from [17] , the solution requirement Φ = 0 must be imposed, so using an orthonormal reference frame the non zero components of the Einstein tensor reduce to
where overdot denotes a derivative with respect to the time coordinate, t, and the prime a derivative with respect to r.Analogously, the nonzero components of the stress energy tensor, from Eq. (2), take the form
It is clear that Ttt = −Trr and using Einstein's field equations, the following relation is obtained
In Eq. (11) each side depends only on one variable, therefore a solution is found by separating variables:
where α is the separation constant, C 1 and C 2 are constants of integration. If C 1 = C 2 , Ω is singular at t = 0; therefore for α > 0 we need to impose C 1 > C 2 and if α < 0 it is required that C 1 < C 2 , otherwise the conformal factor becomes singular somewhere in the domain of t. The conformal function Ω(t) → 0 as t → ∞, which reflects a contracting wormhole solution. It is important to observe that Ω(t) → ∞ as t → t 0 = α −1 log(±C
showing a time singularity that must be avoided. In the spirit of [17] we define the dimensionless parameter R 0 = αr 0 , so that the shape function is given by
A fundamental condition to be a reliable wormhole solution is imposed, that b(r) > 0 [19] . Thus, the range of r is r 0 < r < a = r 0 1 + 1/R 2 0 ; the latter may be arbitrarily large by taking R 0 → 0. If a ≫ r 0 , i.e., R 0 ≃ r 0 /a ≪ 1, one may have an arbitrarily large wormhole.
C. Electromagnetic field equations
Solving the electromagnetic field Eq. (3), together with
that can be deduced from Bianchi identities, where the asterisk denotes the Hodge dual [18] , we obtain the restrictions that F tr = −F tr = E(t, r),
. Thus the magnetic field is given by
where q m is a constant related to magnetic charge. Furthermore, from Eqs. (8) and (10), we obtain
The regular solution appears when we set E = 0. Using Eq. (17) we obtain
and taking into account Eqs. (7) and (8), the lagrangian is given by
These equations, together with B = q m sin θ, E = 0, F = q 2 m /(2Ω 4 r 4 ) and functions (12) and (13) give a wormhole solution well behaved at the throat, with finite fields. This result is in close relationship to the regular magnetic black holes coupled to nonlinear electrodynamics found in [14] . We remind that for static solutions with nonlinear electrodynamics, the null energy condition is not violated, fact that forbids the possibility of wormholes; however for the evolving wormhole under study this does not apply and moreover, the weak energy condition is satisfied.
III. ANALYSIS OF THE E = 0 SOLUTION
In what follows we address mainly four aspects of the solution, namely: flaring out condition and embedded diagram, traversability conditions, the weak field limit and photon trajectories.
A. Flaring Out Condition and Embedded diagram
As can be found in [3] , [4] , an imperative feature to appear in any wormhole solution is the so called flare out condition once the embedded diagram is given. The embedding is obtained when one considers the wormhole metric for an equatorial slice θ = π/2 and in a fixed time t, embedding then in a flat three dimensional Euclidean space,
2 . In our case the flare out condition requires ( [17] ) that
at or near the throat. Using Eqs. (14) and (13) the flare out condition can be casted as
If α > 0, then we need to impose C 1 e αt > C 2 e −αt , and if α < 0 and C 1 e αt < C 2 e −αt , otherwise the conformal factor becomes negative somewhere along the domain of t, violating the condition Ω (t) > 0. So in general the flare out condition is fulfilled by the solutions (14) and (13) .
Another feature that must be explored for a wormhole solution is the one related to the form of the function z (r) from the embedded diagram [3] , [4] , this function can be obtained integrating the relationship
This equation can be rewritten using equation (14) to obtain
from which we would be able to obtain the solution for z (r) as
In Fig. 1 , [20] it is shown the embedded wormhole z(r) for an arbitrary constant time. We can observe that the behavior of the derivative is highly positive near the throat r 0 , as was expected for a wormhole solution, and as r grows far from the throat, the value of the derivative dz dr becomes smaller but positive, indicating that the tangent lines for z(r) become nearly horizontal. This behavior grant us a shape for the throat very similar to the typical behavior expected for a wormhole solution [3] , [4] .
The embedded wormhole z(r) for an arbitrary constant time is shown for distinct values of the parameter α. The continuous curve corresponds to α = 0.2 while the dotted one is for α = 0.3
B. Traversability Conditions
We explore now the possibility that a human traveler traverses an evolving wormhole like the one presented here. Leaving aside the study of the stability of the solution, we delve into the analysis of the tidal gravitational forces that an infalling radial observer must bear while traversing. We take as our traversability criteria the magnitude of the tidal forces that an observer can stand during the trip: it must not exceed the forces due to Earth gravity, much on the spirit of [21] . To simplify our calculations we shall work in a proper reference frame given by
where
and β = v/c, v is the velocity of the radial motion [9] . Then the traversability criteria can be stated as
where g ⊕ = 9.81m/s 2 is Earth gravity; these conditions can be fulfilled with the appropriate selection of the values for C 1 and C 2 , rendering this solution in a traversable one. We point out the fact that Eq. (27) does not depend on the traverse velocity v, however it is not in contradiction with the results given in [4] , Chap. 13.1.1., related to the dependence of tidal forces on the traveler velocity, due to the fact that the condition Rθtθt = −Rθrθr does not lead to the presence of a horizon, instead, it take us to equation (11) from which the solution is obtained.
Since in the studied case the redshift has been set equal to zero, the radial tides are zero, then if some danger exists for the traveler it is in the nonzero accelerations while traversing the wormhole. In what follows we show that there is not tidally induced shear.
The Q IJ matrix that describes tidal forces is defined by
where η J , J = 1, 2, 3 is an orthonormal triad orthogonal to the four-velocity V α . Let us consider the traveler's motion is non radial with a velocity vector given by Vμ = (γ, γβ cos ψ, 0, γβ sin ψ).
In the case we are analyzing, the tidal forces are described with the entrances
and
Therefore, the tidal forces do not diverge, furthermore, since Q 12 = 0, there is no presence of tidally induced shear, this means that the traveler will pass safe through the wormhole as far as tidal forces concern.
C. Maxwellian Limit.
It is important that any nonlinear theory recovers the form and results of the corresponding linear theory, nonlinear electrodynamics is not an exception [18] . However there are cases where the Maxwellian limit is not recovered [22] .
To carry on the analysis of the Maxwell limit, it is useful to rewrite the main functions F , L and L F in terms of the coordinates r and t,
The result of the analysis of the solution is the absence of a complete Maxwellian limit, i.e., when r → ∞ we get that
and L F → ∞. The fact that the L lagrangian L does not go as F , and instead goes to a constant value shows that in this limit the spacetime is not asymptotically flat due to a constant remanent energy. Another impressive result is the corresponding to L F which goes to infinity, showing a similar behavior to an ideal conductor [23] .
Alternatively, as the solution is only valid for the region r 0 < r < a = r 0 1 + 1/β 2 , and the Maxwellian limit would be attained as r → ∞, the requirement of the presence of a region with Maxwellian limit losses strength. Furthermore, it does make sense the absence of such a limit since for weak fields the energy conditions are always fulfilled, a fact that is contrary to the existence of wormholes.
D. Light rays in the NLED effective geometry
In nonlinear electrodynamics photons do not propagate along null geodesics of the background geometry, instead they propagate along null geodesics of an effective geometry which depends on the nonlinear theory [18] , [24] . The discontinuities of the field propagate obeying the equation for the characteristic surfaces S. For a curved spacetime the equation for the characteristic surfaces is
And when nonlinear electrodynamics is involved, the corresponding "eikonal" equation for the propagation vectors
In the orthonormal tetrad, the expression of gμν ef f in terms of the electromagnetic field tensor Tμν also shows clearly that the modification in the trajectories is due to nonlinear electromagnetic field:
given in orthonormal coordinatesμν, with ημν = diag[−1, 1, 1, 1]. For the case of the evolving wormhole with nonlinear electrodynamics (4) with (12) and (13), the effective geometry is given by
where we have taken into account the energy-momentum tensor given by diag(Ttt, Trr, Tθθ, Tφφ)
that are Eqs. (18)- (20) in [17] . Moreover, the expression for the invariant F , if E = 0 is
Now, in the particular case that b(r) = r 1 − α 2 r 2 − r 2 0
, we have the relationship
therefore Eqs. (41)- (42) amount to
In the effective metric the geodesic equations are
where τ is the affine parameter that generates the geodesic trajectories r(τ ), t(τ ), θ(τ ), ϕ(τ ). A is a conserved quantity related to the existence of Killing vectors. The Eq. (51) is derived from the line element and δ = 1, 0, −1 for timelike, null and spacelike geodesics, respectively. Substituting (
2 from Eq.(51) in Eqs. (49) and (50), for δ = 0 it is obtained
The constant of motion A makes easier the integration of the geodesic equations. Considering the expressions for L F , L, F in terms of r and t, straightforward algebra leads to the expressions
with
Eqs. (55) can be integrated by multiplying the first equation by 2(dt)/(dτ ) and the second by 2(dr)/(dτ ), so they acquire the form of
that allows one to obtain the trajectories r(t) of photons as
where K 1 and K 2 are constants. Substituting f (r, t) and g(r, t) from (56) and simplifying we get
where B = C 1 /C 2 , B < 1 for the square root be well defined; C 1 and C 2 can be adjusted to fulfil the traversability conditions as well.
The graphics [20] of the trajectories r(t) are shown in Fig.2 for different values of α, with K 1 = K 2 = 0, showing the influence of the magnetic field variation. Fig.3 shows r(t) when K 1 and K 2 are not zero. It can be observed in both plots the nonvanishing throat, as well as the non-flatness of the spacetime (associated to the non-Maxwellian limit). The effective spacetime as "seen" by photons does not carry as much restrictions as the mere existence of the wormhole.
Null geodesics r(t) in the effective geometry of the nonlinear electromagnetic field. In these plots K1 = K2 = 0 and the static case is for α = 0. The non-flatness of the spacetime is apparent, as the geodesics do not tend to infinity for large times
IV. EVOLVING WORMHOLE SOLUTION WITH TWO INVARIANTS F AND G
The previous analyzed wormhole corresponds to a lagrangian that depends only on one of the two electromagnetic invariants, F = F µν F µν /4. On the search for a more general solution we explore in this section the case of a lagrangian depending in nonlinear way on both invariants. Let us consider the action of (3 + 1)−dimensional general relativity coupled to nonlinear electrodynamics given by
where R is the Ricci scalar. L(F, G) is a gauge-invariant electromagnetic lagrangian depending on the invariants F = 
∂G are functions of r and t only, in the same form L = L(t, r). The variation with respect to the electromagnetic potential A µ , yields the electromagnetic field equations
We shall consider a spacetime metric representing a dynamic spherically symmetric (3 + 1)−dimensional wormhole given by (4) . The non-zero Einstein tensor components are the same that in Eq. (7).
The electromagnetic tensor, compatible with the symmetries of the geometry, is given by (5) . The F invariant is given by Eq. (6) while the invariant G is
.
The components of the stress-energy tensor, Eq. (62), in the orthonormal frame take the following form
As in [17] , Ttt = −Trr, so the solution to Gtt = −Grr can be solved separating variables like in (11):
where α is a constant, and C 1 and C 2 are constants of integration. The electromagnetic field Eqs. (63) take the form
Eq. (67) can be solved for EL F :
Now, Eq. (68), when we take into account Eq. (70) give us the expression for F 1 (r)
Then (70) takes the form
From this last relation we verify that EL F is singular at the throat. Integrating Eq. (69), we obtain B = q m sin(θ). Of course when L G = 0, we recover the expression obtained in [17] for EL F . Therefore, when there is dependence on both electromagnetic invariants, F and G, we recover the solution in [17] , except for an additional term κG, L = L(F ) + κG This term breaks the duality rotation symmetry of the electromagnetic field, present for instance in nonlinear electrodynamics of the Born-Infeld type.
We conclude that geometry (4) does not allow nonlinear electromagnetic matter related to a lagrangian L(F, G). There is open still the question if assuming a less symmetrical spacetime it would admit such kind of matter.
V. FINAL REMARKS
In this article we have analyzed the solution representing an evolving wormhole coupled to nonlinear electrodynamics given by Arellano and Lobo in [17] . We presented the integration of the geodesic equations for light rays and the corresponding graphics that show the influence of the nonlinear field; the traversability conditions as well as the weak field limit were analyzed.
In the conclusions about traversability, we obtained that the tidal gravitational forces are constant in the radial movement, and they can be adjusted to allow a safe human passage.
For the Maxwellian limit we have found that when r → ∞ the spacetime is asymptotically flat except for a remanent energy, a possible interpretation can be the presence of a magnetic perfect fluid that can be obtained from the stress energy tensor taking that limit. We must stress that the wormhole solution is only valid in a certain region that, even if it can be extended to be large, leaves outside the limit r → ∞. However, the allowed trajectories for photons show that the NLED effective geometry is less restrictive than the one for the wormhole.
When the dependence on both invariants for the lagrangian is considered, it turns out that the electric-magnetic duality symmetry is lost.
